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Abstract
We give a combinatorial proof of an identity originally proved by
G. E. Andrews in [1]. The identity simplifies a mock theta function
first discovered by Rogers.
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Background and Definitions

First we review the basics of partition theory.
Definition 1.1. A partition λ of a positive integer n isP
a finite nonincreasing
sequence of positive integers λ1 , λ2 , . . . , λr such that ri=1 λi = n. The λi
are called the parts of the partition and the notation λ ⊢ n denotes “λ is a
partition of n.” We call n the size of λ and λi the size of the ith part.
Here we will expand this definition so that λ may include parts of size 0.
Graphically, a partition λ can be represented as a left-justified array of
boxes called a Ferrers shape where the k th row contains λk boxes. For example, the partition λ = (6, 3, 2, 1, 1) of 13 can be represented by the Ferrers
shape shown in Figure 1.
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Figure 1: Ferrers shape for λ = (6, 3, 2, 1, 1)
We use standard generating functions as well as the standard notation
for basic hypergeometric series as defined by Andrews in [2]:
Definition 1.2.
(a; q)n = (1 − a)(1 − aq) · · · (1 − aq n−1 ),
(a)0 = 1.
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Introduction

We begin with the identity
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which was introduced and proven algebraically by Andrews in [1]. When
x = 1, the left-hand side of (1) becomes the mock theta function
∞
X
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(−aq; q 2 )m
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where y = −a/q. Here we will give a combinatorial proof of (1) using integer
partitions.
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Proof

We will now give a combinatorial proof of (1). Both sides of the identity
are generating functions for certain sets of partitions. We will construct a
bijection between these sets of partitions that will establish (1).
For any partition λ let a = the largest part of λ, b = the number of
non-empty parts, and c = the number of empty parts (parts of size 0).
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Figure 2: Labeled pieces of λ

3.1

Left-Hand Side of (1)

Let A be the set of partitions with m distinct odd parts, no even parts, and
any number of empty parts. We will show that the left-hand side of (1) is
the generating function for the partitions in set A.
Let λ ∈ A, λ ⊢ n. Break λ into the three pieces λ1 , λ2 , and λ3 in the
following way (see Figure 3):

.
Figure 3: Ferrers shape for the left-hand side of (1)
1. The piece λ1 consists of the partition (1, 3, 5, . . . , 2m − 1) ⊢ m2 , a staircase Ferrers shape with exactly m odd parts. If we let x count the
2
number of parts and q the size of the partition, λ1 contributes q m xm
to the generating function for A.
2. To construct λ2 we remove λ1 and any empty parts from λ, and leftjustify the remaining Ferrers shape. Now we separate λ2 into pairs of
columns. Since each part of λ is odd and λ1 took away an odd number
from each part, λ2 consists of even-sized parts. When we let q count the
3

size of λ2 , and y count the number of pairs of columns, λ2 contributes
(1+yq 2+(yq 2)2 +· · · )(1+yq 4+(yq 4)2 +· · · ) · · · (1+yq 2m+(yq 2m )2 +· · · ) =
1
1
1
1
·
·
·
=
(1 − yq 2)
(1 − yq 2(m−1) ) (1 − yq 2m )
(yq 2; q 2 )m
to the generating function for A.
3. The final piece λ3 , then, consists of all of the empty parts of λ which
are left after λ1 and λ2 have been removed. There can be any number
of empty parts, and so λ3 contributes
(1 + y + y 2 + y 3 + · · · ) =

1
(1 − y)

(2)

to the generating function for A, where y counts the number of empty
parts.
From the above it is clear that the left-hand side of (1) is the generating
function
X
a−(2b−1)
q |λ| xb y c+ 2
(where |λ| = size of λ)
λ∈A

for A, the set of partitions with distinct odd parts and any number of empty
parts.
Example 3.1. Let λ ∈ A = (15, 13, 9, 5, 0, 0, 0). Then λ contributes the term
q 42 x4 y 3+4 ) to the generating function for A.

Figure 4: Ferrers shape for λ, split into λ1 , λ2 , and λ3
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3.2

Right-Hand Side

Let B be the set of partitions with m parts which are either distinct odd parts
or empty parts where the largest part is smaller than 2m. We will show that
the right-hand side of (1) is the generating function for these partitions. Let
λ ⊢ n be a partition in B and let the generating function for B have the form
X
q |λ| xb y c .
λ∈A

Note that q and x count the same thing as in the left-hand side while y now
counts only the empty parts.
To construct λ we start with a partition with no more than m distinct odd
parts, which contributes (1+xq)(1+xq 3 ) · · · (1+xq 2m−1 ) = (−xq; q 2 )m to the
generating function for B. We then add m empty parts, which contributes
y m. In order to keep a total of m parts we must take off an empty part for
each distinct odd part added. To do this, we include a 1/y in the generating
function for each of the distinct odd parts. Thus, the generating function for
partitions in the set B is
F (q) =

∞
X

(−xq/y; q 2 )m y m

m=0

which is the right-hand side of (1).

3.3

Bijection

We will give a bijection between sets A and B that establishes (1).
Define a mapping φ : B → A and let λ ∈ B. Construct φ(λ) by removing
(a − (2b − 1))/2 empty parts from λ.
Since a ≤ 2m − 1,
a − (2b − 1) ≤ 2m − 1 − (2b − 1)
a − (2b − 1) ≤ 2(m − b)
a − (2b − 1)
≤c
2
and so there will always be enough empty parts to strip off.
In order for φ to be a bijection we must show that it is weight-preserving
and that its inverse is well-defined. The mapping φ is weight-preserving if
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for all λ ∈ B the term that λ contributes to the right-hand side of (1) is
the same as the term that φ(λ) contributes to the left-hand side of (1). As
shown in Example 3.2, we are moving the y for each part that is stripped
off to a pair of columns at the end of the partition. Since y in the left-hand
side of (1) counts these columns as well as the empty parts, the exponent of
y in the term in the right-hand side of (1) that counts λ will be the same
as that in the left-hand side of (1) that counts φ(λ). Likewise, since the
partition of non-empty parts in λ does not change, the exponents of x and
q will remain constant under φ. Therefore, the terms contributed to the
generating functions by λ and φ(λ) are identical and φ is weight-preserving.
The inverse of φ is very simple. Let λ ∈ A and construct φ−1 (λ) by
adding as many empty parts as there are pairs of columns in λ2 .
Example 3.2. Let λ ∈ B = (15, 13, 11, 3, 0, 0, 0, 0). Then λ contributes
the term q 42 x4 y 4 to the generating function for B. Also, φ(λ) ∈ A =
(15, 13, 11, 3) and φ(λ) contributes the same term to the generating function for A.

Figure 5: φ(λ)
From the above it is clear that λ is a bijection and so
X
X
a−(2b−1)
q |λ| xb y c+ 2
=
q |λ| xb y c
λ∈A

λ∈B

establishing (1). 
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